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Abstract 



The paper studies Banach spaces satisfying the Littlewood-Paley-Rubio 
de Francia property LPRp, 2 < p < oo. The paper shows that ev- 
ery Banach lattice whose 2-concavification is a UMD Banach lattice has 
this property. The paper also shows that every space having LPRq also 
has LPRp with g < p < oo. 
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Let X be a Banach space and LP(R; X) be the Bochner space of p-integrable X- 
valued functions on M. If X = C, we abbreviate LP(R; X) = i?'(M), l<p<oo. 
For every / G iy^(M;X), / stands for the Fourier transform. If / C R is an 
interval, then Si is the Riesz projection adjusted to the interval /, i.e., 
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1 Introduction 
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The following remarkable inequality was proved by J.L. Rubio de Francia in [3]. 
For every 2 < p < oo, there is a constant Cp such that for every collection of 
pairwise disjoint intervals the following estimate holds 




< Cp ||/|Ilp( 



V/e 



(1) 



LP( 



In this note, we shall discuss the version of the theorem above when functions 
take values in a Banach space X. Let (£fc)j,>i be the system of Rademacher 
functions on [0, 1]. The space Kad{X) is the closure in £''([0, 1]; X), 1 < p < (x 
of all X-valued functions of the form 



g{uj) ^^ek{uj)xk, Xk^X, n>l. 



k=l 



The above definition is independent of 1 < p < oo. It follows from the 
Khintchine-Kahane inequality (see 0). In fact, the above fact is a conse- 
quence of a, so-called, contraction principle. It states that, for every sequence 
of elements {xj}'^^^ C X and sequence of complex numbers such 
that |ajl < 1, j > 1, the following inequality holds 



LP(R,Rad(X)) 



LJ'(R,Rad(J>s:)) 

We shall employ this principle on numerous occasions in this paper. 

Following we shall call X a space with the LPRp property with 2 < p < oo, 
if there exists a constant c > such that for any collection of pairwise disjoint 
intervals we have that 

oo 

E^^-^^.-/ < c > V/6Lf(R;X). (2) 

LP(R;Rad(X)) 

It was proved in [5] that every space with the LPRj, property is necessarily UMD 
and of type 2. It is an open problem whether the converse is true. It is also 
unknown whether LPRp is independent of p. Note that Rubio de Francia's 
inequality says that C has the LPRp property for every 2 < p < oo. By 



2 



the Khintchine inequality and the Fubini theorem we see that any LP-space 
with 2 < p < oo has the LPRp property. Using interpolation, we deduce that a 
Lorentz space L^'^ has the LPRg property for some indices p, r and q. However, 
until recently there were no non-trivial examples of spaces with LPRp found. 
If X is a Banach lattice, estimate ([2]) admits a pleasant form as in the scalar 



case: 



oo 



3 = 1 



■X) 



V/e 



;X) 



(3) 



LPIR:X) 



We shall show that if the 2-concavification X(2) of X is a UMD Banach lattice, 
then ^ holds for all 2 < p < oo, so X is a space with the LPRp property. 
Recall that X(2) is the lattice defined by the following quasi-norm 



IfWxr. 



The space Xm is a Banach lattice if and only if X is 2-convex, i.e. 




< 



X 



We refer to [6] for more information on Banach lattices. 

We shall also show that if X is a Banach space (not necessarily a lattice) with 
the LPRg property for some g, then X has the LPRp property for every p > q. 



2 Dyadic decomposition 

For every interval / CM, let 21 be the interval of double length and the same 
centre as /. Let 2 = be a collection of pairwise disjoint intervals. 

We set 21 — {2Ij)J^^. The collection 2 is called well- distributed if there is a 
number d such that each element of 21 intersects at most d other elements of 21. 

In this section, we fix a pairwise disjoint collection of intervals and 
we break each interval Ij, j > 1 into a number of smaller dyadic subintervals 
such that the new collection is well-distributed. This construction was employed 
in a number of earlier papers. 
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We start with two elementary remarks on estimate ^ or ([3]). Firstly, it 
suffices to consider a finite sequence of disjoint finite intervals. Secondly, 
by dilation, we may assume \Ij\ > 4 for all j. Thus all sums on j and k in what 
follows are finite. Fix j > 1. Let Ij = {aj,bj]. Let nj = max{n G N : 2"+^ < 
bj — aj + 4}. We first split Ij into two subintervals with equal length 



and = ( 



«3 + bj 



Then we decompose and /j* into relative dyadic subintervals as follows: 



= IJ(aj.fc, and l] = |J(6j,fe+i, 6^^^], 



fc=i 



k=l 



where 



Let 



o-j.k = flj — 2 + 2 , \ < k < rij and aj,„^.-|-i = 
= 6j + 2 — 2*^', 1 < /c < rzj and bj^rij+i - 



2 

+ bj 



for 1 < /c < rij and let /"j,, /^^j, be the empty set for the other k's. Also put 

/«,^^. = {aj - 2 + 2"^ , flj - 2 + 2"^+i] and I^^^ = [bj + 2 - bj+2- 2"^] . 

Lemma 1. A Banach space X has the LPRp property if there is a constant c > 
such that 



max 

u—a,h 



j=i k=i 



<c||/|Up(r;x), V/eLP(K;X), (4) 

LP(R;Rad2(X)) 

where Rad2(X) = Rad(Rad'(X)) and Rad'(X) is the space with respect to an- 
other copy of the Rademacher system (£)j)j,>]^. 

Observe that if Q holds, for every family of intervals then X is a 

UMD space. Indeed, ([4]) implies that 



Si^ f 



LP(R.X) 



^ c ||/|Ilp(r.x) ' a,h, j >\, I <k <nj 



That is, by adjusting the choice of intervals, it imphes that every projection Sj 
is bounded on LP{M.,X) and 

sup \\Si\\i^p(ax)^LP(W.X) < 
ICR \ • J \ . / 

The latter is equivalent to the fact that X is UMD (see [3]). 
Proof. Let / e LP{R;X). Then 



< 



LP(R;Rad(X)) 



i=i 



LP(R;Rad(X)) 



LP (K;Rad(X)) 



Using the subintervals /"^ and the contraction principle, we write 



LP(R;Rad(X)) 



EE^.%J 

j=i fc=i 



LP(R;Rad(X)) 



Note that 



and 



E E exp(-27riaj / 
j=i fc=i 



exp(-27riaj = [exp(-27riaj •)/] 



LP(R:Rad(X)) 



- a, = {2' - 2, 2'+' -2],k< n,; I^,^ - a, C (2"^- - 2, 2"^+^ - 2]. 

Recall that X is a UMD space. Therefore, applying Bourgain's Fourier multi- 
plier theorem (see [3j) to the function 

oo rij 

EE^:'-e'^P(-2™, ■)Si^ J G Lf(M;Rad(X))), 
j=i fc=i 
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we obtain (the contraction principle being used in the last step) 



3 = 1 k=l 



LP(R;Rad(X)) 



j=i k=i 



LP(B;Rad2(X)) 



EE ^.4% J 
j=i fc=i 



LP(R;Rad2(X)) 



Similarly, 



LP(R;RadX) 



EE ^.4^.),,/ 



j=i k=i 



LP(R;Rad2(X)) 



Combining the preceding estimates, we get 



< c„ 



LP (R;RadX) 



EE^.4%,j 

3 = 1 k=l 



LP(R;Rad2(X)) 



3 = 1 k=l 



LP (K;Rad2(X))^ 



□ 



Let us observe that, if X is a UMD space, the argument in the proof above 
shows that 



< max 

u=a.h 



LP (R;RadX) 



E^^E4%,/ 

3 = 1 k=l 



LP (R;Rad2(X)) 



Moreover, the argument can be reversed to show the opposite estimate (see the 
proof of ([5]) below.) This observation is summarised in the following remark. 



Remark 2. i) If X is a UMD space, then 



< max 

u=a,b 



LP (R;RadX) 



3 = 1 k=l 



LP(R;Rad2(X)) 
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ii) If I = is a collection of pairwise disjoint intervals and 1^ = 

( If, ] , u = a,b, then both collections Xa and lb are well-distributed. 

\ -^'"y j>l,l<fe<rij 

iii) If X is a Banach lattice then it has the a- property (see [?])■ That is, 



oo 




oo 










Rad2(X) 





Rad(X) 

where (EjTc) is an independent family of Rademacher functions. 

iv) The above two observations imply that if X is a Banach lattice, then it has 
the LPRp property if and only if estimate ([2]) holds for every well-distributed 
collection of intervals I. 

3 LPR-estimate for Banach lattices 



Theorem 3. If X is a Banach lattice such that X(^2) "is a UMD Banach space, 
then X has the IPRp property for every 2 < p < oo. 

We shall need the following remark for the proof. 

Remark 4. If X is UMD and I < p < co, then the family {Si}j(2x ^~ 
bounded (see [4]), i.e.. 



icx 



< Cx 



ICI 



LJ'(R;Rad(X)) 



LP(R;Rad(J>s:)) 

Proof of Theorem O The proof directly employs the pointwise estimate of [5] . 
We assume, that X is a Kothe function space on a measure space (f2,/i). 

Let / e Ll^^{R;X). Let M{f) be the Hardy-Littlewood maximal function 
of/, i.e., 

1 



M(/)(t)=sup- / \f{s)\ ds 
\I\ Ji 



and 



M2(/)= M\f 



2 2 
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Let 



Pit) = sup ^ / -fi\d.s, fi = ^ f f{s) ds. 
Ml J I m J I 



Note that M{f) is a function of two variables {t, uj): for each fixed uj, M(/)(-, w) 
is the usual Hardy-Littlewood maximal function of f(-,uj). The same remark 
applies to M2{f) and For / sufficiently nice (which will be assumed in the 
sequel), all these functions are well-defined. 

Observe that due to Remark [5] we have only to show estimate ^ for a well- 
distributed family of intervals. Let us fix a family of pairwise disjoint intervals X 
and let us assume that X is well-distributed. Fix a Schwartz function tjjit) whose 
Fourier transform satisfies 



If / e Z, then we set 



X[-l/2,l/2] <i' < X[-l,l]- 



i^i{t) = |/|exp(27ric,i)i/^(|/|i), 



where c/ is the centre of /. The Fourier transform of -0/ is adapted to /, i.e. 



XI <i'i < X2I- 



In particular, 



Siif) = ^ji^Siif). 
Consequently, from the Khintchinc inequality and Remark |4l 



<cp ||G(/)|| 



LP(M,X) 



, 1 < p < OO, 



LP(R,X) 



where 



G{f)= [Y.\^^*fn ' feL\R;X). 



Kiel 



Thus, to finish the proof, we need to show that 



1|G'(/)|Ilp(r,x) < Cp II/1Ilp(R,X) ' 2 < p < CX). 
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It was shown in [5] that G{f{-,uj))^ is almost everywhere dominated by M2(/(-, w)), 



I.e., 

G{f{;u))^ <cM2{f{;uj)), a.e.c^efl, 
for some universal c > 0. Since 

Gif){t,u;)^Gif{;Lu)){t) and M2(/)(i, c.) = Af2(/(-, teR,Loen, 
we clearly have that 



Therefore, 



G(/)« <cAf2(/). 

|G(/)«|L.(„^X)<4^^2(/)|L.(«;X) 



It remains to prove 

The second inequality above immediately follows from Bourgain's maximal in- 
equality for UMD lattices (applied to X(^2) here, see [TDl Theorem 3]): 

\\^W)\\Ip(^M-X) = ll^^(l/l')llLf (R;X(„) ^ ^IH'^nLf (R;X,„) = ^IUIlL(R;X) ■ 

It remains to show the first one. To this end we shall prove the following 
inequality (for a general / instead of G{f)) 

This is again an immediate consequence of the following classical duality in- 
equality (see [m p. 146]) 

< G I u^M{v) 



[ uv <G [ 



for any u G LP(R) and v ^ L'p (R), where Ai{v) denotes the grand maximal 
function of v. Note that M{v) < GM{v). Now let g £ Lp'(R;X*) be a nice 
function. We then have 



fg 



< G 



f^M{g) 



\M{g)\ 



- ^\\f ILp(R;X) ll""vy;|iip'(R.x*) 
<C\\f 



LP(R;X) \\3\\lp' (R-X*) ' 
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where we have used again Bourgain's maximal inequahty for g (noting that X* 
is also a UMD lattice). Therefore, taking supremum over all g in the unit ball 
of L'P we deduce the desired inequality, so prove the theorem. 

Finally, observe that the proof above operates with individual functions. 
This, coupled with the UMD property of X, implies that X can always be 
assumed separable and it can always be equipped with a weak unit. □ 



4 LPR property for general Banach spaces 

Let X be a Banach space (not necessarily a lattice) . We shall prove the following 
theorem. 

Theorem 5. If X has the LPRq for some 2 < q < oo, then X has the LPRp 
for any q < p < oo. 

The proof of the theorem requires some lemmas. 

Lemma 6. Assum,e that X has the LPRq property. Let be a finite 

sequence of m,utually disjoint intervals of M. and {Ij.k)2Li be a finite family of 
mutually disjoint subintervals of Ij for each j > 1. Assume that the relative 
position of Ij^k in Ij is independent of j, i.e., Ijj. — aj = If^k ~ whenever 
both Ij^k cind Iji^k o.fe present (i.e., k < min {nj,nj'}), where aj is the left 
endpoint of Ij. Then 



3 = 1 fc=l 



<c||/|L.(K;X)' V/eL'(M;X). 

L<!(R;Rad2(X)) 

Proof. We first assume that Ufc=i -^j.fc = Ij Qs^ch. j > 1. Note that 



Si,,J = exp(27riaj- •)5'/,. fe-a, (exp(-27riaj •)/)• 
Thus, by the contraction principle. 



j=i fe=i 



E^fc E ej'S'/,-,fc-aj(exp(-27riaj- •)/) 

k=l j: nj>k 
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Since X has the LPRg property, so does Rad(X). Let us apply this property 
of Rad(X) to the intervals ^Ikj where Ik = Ij,k — o-j, for some j such 
that rij > k (for any such j the interval Ij^k — dj is independent of j by the 
assumptions of the lemma). We apply this property to the function 



13 ^3^h,<<-"-i (exp(-27riaj •)/) = X] 

k=lj: nj>k k=l 

We obtain 



"Y^'k Yl £i'5'/^,fc-<i.(exp(-27riaj •)/) 

fc=l j: nj>k 



J2 ej (exp(-27riaj-)/) 



>k 



< C 



k=l j: nj>k 



i=i fc=i 



= c 



<c 11/11,. (5) 



Assume now that Ufc=i ^j,k Ij for some j. In this case, consider the family of 
intervals (ik) introduced above. Observe that every //; C [0,+oo). Observe 

V / k=\ 

also that the the right ends of the intervals [Ij — aj)^^^-, that is the points bj—aj 
do not belong to the union U^^/fe. Let (je^ ^ be the family of disjoint intervals 
such that 

oo oo 

Ij7, = [o,+oo)\ y 4 



1=1 



k=l 



and such that neither of the points {bj — (ij) Jli is inner for some I^. Let also mj 
be the maximiim number such that the intervals Ii with i < rrij are all to the 
left of the point bj — aj . Set Ij^i — li + aj . Then, 

Ij = U ^^•''^ + U 

fe=i e=i 

It is clear that the relative position of {Ij,k)kLi U {Ij,e)e^i in Ij is again inde- 
pendent of j. 

Before we proceed, let us re-index the intervals {Ij,k)kLi ^'^d into 
a family (ij.s)^]^"^ as follows. We arrange these intervals from left to right 
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within Ij and index them sequentially from 1 up to Uj +mj. Moreover, let Kj C 
[1, nj+rrij] be the subset corresponding to the first family of intervals and Lj C 
[l,nj + rrij] be the subset of indices corresponding to the second family of in- 
tervals. Observe that, li K = Uj^iKj and L = U^^ij, then, for every to j, 
Kj = Kr\[l, rij+mj] and, similarly, Lj = in [1, rij + mj]. Thus by the previous 
part we get 

oc rij+mj 



j=l s=l 



< Ca 



Observe also that 



oo rij+rrij oo 

E E ^.<^^../ = E E '^<s^.J 

j=l 8=1 8=1 j: nj-\-mj>8 

= E E ^3<sj,j+y: E 'j'sSi.sf 

sGK j: nj+mj>s sGL j: nj-\-mj>s 

Thus, by taking projection onto the subspace spanned by {^s}s^k^ continue 

E E '^<^^^J <c,\\f\\,. 

Finally, we observe that 

oc "j 

E E ^.■4%./ = EE^^-'^^^.^/- 

sQK j: nj+Tnj>s j=l k=l 

Hence the lemma is proved. 



□ 



The following lemma is interesting in its own right. We shall only need its 
first part. 

Lemma 7. Let Y be a Banach space. Let (S, u) be a measure space and (hj) C 
Z/^(S) a finite sequence. 

i) IfYis of cotype 2 and there exists a constant c such that 



then 



E^j^jL ^ c(E 



'''j^J Ill,2(j];-K) — ^ II y^^J^. 
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ii) // Y is of type 2 and there exists a constant c such that 
j j 

then 

II X] ^J°'j|lRad(y) - ^ II X]^j"jlL2(S;Y) ' Vflj G Y. 
3 



Proof, i) Let [oj) C 1^ be a finite sequence. Consider the operator u : P ^ Y 
defined by 

u[a.) = OijO-ji y Oi — [aj) € f' . 
j 

It is well known (see [51 Lemma 3.8 and Theorem 3.9]) that 

where cq is a constant depending only on the cotype 2 constant of Y . Let 
^{'^) — foi' f G Then by the assimrption on (hj) we get 

II X] ^3"':j\\l^{^:Y) ^ 

3 

■'^ 3 



< c'\\Y,£jaj\ 



Ka.d{Y)' 



ii) Let H be the linear span of (hj) in L^(E). Let /i* be the functional on 
H such that h*{hk) = Sj^k- We extend h* to the whole L^(S) by setting = 
on H^. Then h* G i^(S) and the assumption implies that 

l2^l/2 

J 3 

Now let (a*) C be a finite sequence. Applying i) to Y* and (h*) we obtain 



3\\L^(T,;Y') II Z^"J"J|Il2(S;F) 



J^J llRad(y*) II "J^J IIL2(E;F) 
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Taking the supremum over (a*) C Y* such that || X]^j"j||riad(y) — 

the assertion. □ 

Now we proceed to the proof of Theorem [SJ It is divided into several steps. 

The singular integral operator T. Let be a family of disjoint finite 

intervals and be a Schwartz function as in Sections [H and |31 We keep the 
notation introduced there. We now set up an appropriate singular integral 
operator corresponding to ([4]). It suffices to consider the family {Ijk)j.k, {Ij k)j-k 
being treated similarly. Henceforth, we shall denote 7°^, simply by Ij^k- Let 
Cj.k — o-j.k + 2*^^^ for 1 < k < Tij. Note that cj^k is the centre of Ij^k if A; < nj 
and of Ij^k if fc = tij. Define 

tpj,k{x) = 2'" exp(27ricj_fe x) V'(2''a;) 

so that the Fourier transform of tpj^k is adapted to Ij^ki i-e. 

X/,, < V'j.fc < X2/,,, for k < Tij and Xf^ ^^ < ^'j,n, < Xj/,,,,^ ■ (6) 

We should emphasise that our choice of Cj^k is different from that of Rubio de 
Francia (in [3]) which is Cj^k — nj^k 2*^ for some integer Uj^k- Rubio de Francia's 
choice makes his calculations easier than ours in the scalar- valued case. The sole 
reason for our choice of Cj,k is that Cj^k splits into a sum of two terms depending 
on j and k separately. Namely, Cj^k = aj — 2 + 2'^ + 2'^^^. By ([6]), 

We then deduce, by the splitting property and Remark SI 

j,k j,k 

Now write 

^j,k * fix) = j 2''i:{2''ix - y)) exp(27ricj- ^(a; - y))f{y)dy 

= exp(27ricj,fc x) / 2''V'(2''(x - y)) exp(-27ricj,fe i/)/(y)dy 



exp(27ricj,fc x) / Kj^k{x, y)f{y)dy, 
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where 

Kj,kix, y) = 2^%l;{2^{x - y)) exp(-27ricj- & y). (7) 

Using the sphtting property of the Cj^k mentioned previously and the contraction 
principle, for every x G M we have 

||^ej4V,,fc*/(a:)||R,d.(x) 

3,k 



^ej4 / Kj^k{x, y)f{y)dy\ 

X 1^ "J 



Rad2 (X) 



lRad2(X) 

Thus we are led to introducing the vector-valued kernel K: 

K{x,y) = Y,£j£'kKj,k{^,y)£L\n), x,yeR. (8) 

K is also viewed as a kernel taking values in Rad2(X)) by multiplication. 
Let T be the associated singular integral operator: 

T(/)(x) = j K{x, y)f{y)dy, f £ LP{R; X). 

By the discussion above, inequality ^ is reduced to the boundedness of T from 
LP{R;X) to LP(R;Rad2(X)): 

||T(/)||^<Cp||/||^, VfeLPiR;X). (9) 

The L'^ boundedness of T. We have the following. 
Lemma 8. T is bounded from i«(M;X) to i«(R; Rad2(X)). 
Proof. Let / e L'^(R; X). By the previous discussion we have 

By © 

J2 ^j4i'j,k *f^Yl ^O^'k'^O^k * {S2I,,J)- 

j:k j,k 
15 



Note that for each j the last interval Ij^uj above should be the dyadic interval 
Ij,nj ■ We claim that 

\\^^j^'k'4'j,k* gj,k\\g < c\\^eje'kgj,k\\^, ^ gj,k e L'^(M;X). 
Indeed, using the splitting property of the Cj^k we have 

\\^£]^'k^],k *5i,fc||, ~ \\^S]^'k'4>j,k*gj,k\\q, 

where 

i'j,k{x) = 2^il}(2^x) and gj,kix) = cxp{-2TTicj^k x)gj^kix) ■ 
For X define the operator N{x) : Rad2(X) Rad2(X) by 

j,k j,k 

It is obvious that : M i3(Rad2(X)) is a smooth function and 
X] ^o^'k'4'hk * gj,k ^ N*g with = ^ Sjs'kgj.k- 

j,k j,k 

It is also easy to check that N satisfies [TTl Theorem 3.4]. Since Rad2(X) is 
a UMD space, it follows from 11 that the convolution operator with N is 
bounded on L9(R;Rad2(X)). Thus 

\\^£j£'ki'3,k*g3,k\\g < c\\^eje'kgj,k\\g- 

j,k j,k 

Using again the splitting property of the Cj^u and going back to the gj^k, we 
prove the claim. Consequently, we have 

||T(/)||,<c||^e,4^2/,,j||,. 

j-k 

We split the family {21 j k} into three subfamilies {2Ij j,k+i} of disjoint intervals 
with £ G {0; 1, 2}. Accordingly, we have 

2 

iin/)ii,<c5]E£,452w/||,. 

16 



Each subfamily {27, 3^+^}^. ^ satisfies the condition of Lemma IH] Hence 



Thus the lemma is proved. □ 



An estimate on the kernel K. This subsection contains the key estimate 
on the kernel K defined in ([5]). Fix a;, z G R and an integer m > 1. Let 

Irn{x,z)^{yeR : 2"'\x~z\<\y^z\<2"'+^\x-z\}. 

Lemma 9. If X* is of cotype 2 and if (Xj^k) C X* , then 



f \W^fr<^ ( \ IT ( M\ l|2 J / II Ej,fe£i4^J,fe||Rad2(X*) 

/ ^ \\2_}KjA^,y)-K,^u{z,y)]\,^u\\x,dy<c g5m/3|^_^| 



Proof. Let (Aj_fc) C X* such that 



\\^^i'=^'k^3A\Kad2{X') - ^■ 

By the definition of Kj^k in (O, we have 

J2[K,Mx, y) - K,.k{z, y)]\,.k - $^^^2'= m\x - y)) - i^ii^z - y))] qk{y) , 

j,k k 

where 



i^k = \\Y1^3^3M\Ki,dix-) ^"^^ 9fe(y) = Mfc^X!^J''=*^^P(^2'^^'=J^'=2/)• 
Since Rad(X*) is of cotype 2, 

^ \ ^ - , II 

■J'''=llRad(Rad(X*)) 



< c|| X!'^fcX!^J'*^-''''=llRad(Rad(X*)) - 



k k j 

Thus 



/ II Y^i^j-ki^, y) ~ Kj,k{z, y)]\j.k\\^j^.dy 

<J22"' sup |^(2'=(a;-y))-V'(2'^(z-y))|2 /■ \\q,(y)\\ 



dy. 
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Note that for fixed k 

ic,.fc-cy,fei >2^ vj^/. (10) 

Now we appeal to tlie following classical inequality on Dirichlet series with small 
gaps. Let (7j) be a finite sequence of real numbers such that 

Then, by 'TT, Ch. V, Theorem 9.9], for any interval / C K and any sequence 

(a,) C C 



\ ^^j^^Pi'^^^l3y)\'^dy < cmax(|/|, 1) ^ |a 



2 



J 3 

where c is an absolute constant. Applying this to the function qk, using Lemma 
□ and (Uni), we find 



= c max(2'"|a; - z|, 2-*^). 

Let 

/co = minj/c e N : 2''' < 2"^\x - z\} and 

ki = min {/c G N : 2''' < 2^"'/^\x -z\}. 

Note that fco < ■ For k < ki we have 

m2''ix-y))-i,i2\z~y))\<c2''\x-z\. 

Recall that is a Schwartz function, in particular \x\^ \''l'{x)\ < c. Thus, for 
fc > fci, we have 

|V(2'=(a; - y)) - ij{2\z - y))\ < c2-^% - z\~^ < c2~^''-^^\x - z\-^ , 
where the second estimate comes from the fact that y S Im{x, z). Let 

a, =22fc sup \^{2\x ^ y)) - ij{2Hz ~ y))\' I \\qk{y)fxdy. 
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Combining the preceding inequalities, we deduce the following estimates on ak- 

otk < c2^^2^^\x - z\^2-^ ^ c2^^\x - z\^ for fc < /cq; 

ttfc < c2^^2^^\x - z\'^2"'\x - z\ = c2'^^r'\x - for ko < k < h; 

ak < c22'=(2'=+'"|x-^|)-^2'"|x-^| =c2-2'=2-3'"|x-2r3 for k > ki. 



Therefore, 



/ II X^t^j''^^^' ~ ^j,k{z^ y)]>'j,k\\x-''^y 

l<fc<fco fco<fc<fcl fe>fel 

< c [23'=°|a; - 2p + 2^'=^2'"|a; - + 2-'^''^T 

< c2-5™/3|a;-2|-^ 



This is the desired estimate for the kernel K. □ 

The i°°-BMO boundedness. Recall that T is the singular integral operator 
associated with the kernel K. 

Lemma 10. The operator T is hounded from L°°(R; X) to BMO(M; Rad2(X)). 
Proof. Recall that 

II5|IbMO(M;X) - ^ |7[ / ~ ^^11^ 

where {^/j/cR C X is any family of elements of X assigned to each interval / C 
E. Fix a function / e L°°(R;X) with ||/||oo < 1 and an interval / C E. Let z 
be the centre of / and let 



'(27) 

Then, for x G I, 



bi= [ K{z,y)f{y)dy. 



Tf{x)-bi= [ [K{x,y)-K{z,y)]f{y)dy+ [ K{x,y)f{y)dy 
J(2iY J21 
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Thus 



< |j| ^ II J^^^^ [Kix, y) - K{z, y)]f{y) dy\\^^^^^^^dx 
1 



|J| II y^^^(^'2/)/(y)^y|lRad.(X)^^ 



= A + B. 



By Lemma [8] we have 



B<\I\~'''^\\T{fx2i)\\^<c. 



To estimate A, fix x £ /. Choose (Aj.fc) C X* such that 

II X!^j'^fc'^J.'=llRad2(X-) - 1- 

and 

^ y) - K{z, y)]f{y) c^y||R^d2(x) 



Then by Lemma [9l we find 



[K{x, y) - K{z, y)]f{y) dy\\^^^^f^^^ 

{21)^ 



V(Aj,fc, / [Kj^k{x,y) - Kj^k{z,y)]fiy)dy) 



- / \\y]iKjM{x,y) - Kj^k{z,y)]Xj,k\\x.dy 

oo „ 

< / \\J2[K,M^,y) - K,,kiz,y)]Xj,k\\],,dyy 

m=l •'Im{x,z) 



OO 



m— 1 



Therefore, A < c. Thus T is bounded from L°°{R; X) to BMO(M; Rad2(X)). □ 
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Combining the result of Lemma [TU] and Lemma[5]and applying interpolation 
(see [5]), we immediately see that the operator T is bounded from LP(]R; X) to 
LP(R; Rad2(X)) for every q < p < oo. Thus Theorem[5]is proved. 

Remark 11. Let 

T(/)«(x) = sup ^ ^ ||T(/)(y) - T{f)i\\^^^^^^^ dy 

and 

M,(/)(a;)=sup(^^ ^||/(y)||^dy 

Under the assumption of Theorem [5] one can show the following pointwise esti- 
mate: 

T{ff<cM,{f). 
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